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ABSTRACT
Data exchange deals with the following problem: given an
instance over a source schema, a specification of the re-
lationship between the source and the target, and depen-
dencies on the target, construct an instance over a target
schema that satisfies the given relationships and dependen-
cies. Recently—for data exchange settings without target
dependencies—Libkin (PODS’06) introduced a new concept
of solutions based on the closed world assumption (so called
CWA-solutions), and showed that, in some respects, this
new notion behaves better than the standard notion of so-
lutions considered in previous papers on data exchange.

The present paper extends Libkin’s notion of CWA-solu-
tions to data exchange settings with target dependencies.
We show that, when restricting attention to data exchange
settings with weakly acyclic target dependencies, this new
notion behaves similarly as before: the core is the unique
“minimal” CWA-solution, and computing CWA-solutions as
well as certain answers to positive queries is possible in poly-
nomial time and can be PTIME-hard. However, there may
be more than one “maximal” CWA-solution. And going be-
yond the class of positive queries, we obtain that there are
conjunctive queries with (just) one inequality, for which eval-
uating the certain answers is co-NP-hard. Finally, we con-
sider the Existence-of-CWA-Solutions problem: while
the problem is tractable for data exchange settings with
weakly acyclic target dependencies, it turns out to be un-
decidable for general data exchange settings. As a conse-
quence, we obtain that also the Existence-of-Universal-

Solutions problem is undecidable in general.

Categories and Subject Descriptors
H.2.5 [Heterogeneous Databases]: Data translation;
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1. INTRODUCTION
Data exchange deals with the following problem: given

a data exchange setting D (i.e., a source schema, a tar-
get schema, a specification of the relationship between the
source and the target, and dependencies on the target) and
an instance S over the source schema, construct an instance
T over the target schema that satisfies the given relation-
ships and dependencies. Such a target instance is called a
solution for S with respect to D. Preferably, in case that
solutions exist at all, one would like to find a particular so-
lution that “reflects” the given source data as accurately as
possible.

The theoretical foundations of this problem were laid in
two seminal papers by Fagin, Kolaitis, Miller, and Popa [6,
7] (see also [10] for a recent survey), where the so called uni-
versal solutions (i.e., solutions that have homomorphisms
to all the other solutions and that, in this sense, are “most
general” solutions) were singled out as particularly “good”
solutions — and among them, their core, being the “small-
est” universal solution, was exhibited as one of the “most
suitable” solutions.

Since then, questions concerning data exchange have re-
ceived considerable attention both, for relational data [6, 7,
10, 8, 11, 1, 13, 12, 5] and for XML data [2]. The present
paper focuses on relational data.

The complexity of finding solutions for data exchange set-
tings (e.g., [6, 11]) and, in particular, the complexity of com-
puting cores (e.g., [7, 8]) were investigated. While [6, 4] ex-
posed a fairly general class of data exchange settings (the
so-called weakly acyclic settings), for which solutions can
be computed efficiently, it was shown in [11] that, for gen-
eral settings, the Existence-of-Solutions problem (given
a data exchange setting D and a source instance S, decide
whether there exists a solution for S w.r.t. D) is undecid-
able.

Also, the issue of how to answer queries against the target
schema was addressed, usually adopting the certain answers
semantics (i.e., a tuple is regarded to belong to the result
of the query if, and only if, it belongs to the query’s result
on every structure T that is a solution for S w.r.t. D), see
e.g. [6, 1, 13]. It was noted, however, in [1] that this kind
of certain answers semantics gives rise to some anomalies
where the semantics behaves in a counterintuitive way, i.e.,
queries produce results that intuitively do not seem to be
accurate.



To overcome these anomalies, Libkin [12] recently intro-
duced—for data exchange settings without target depen-
dencies—a new concept of solutions based on the closed
world assumption (so called CWA-solutions), and showed
that, in some respects, this new notion behaves better than
the standard notion of solutions considered in previous pa-
pers on data exchange.

The present paper pursues Libkin’s approach of CWA-
solutions and addresses data exchange settings with target
dependencies. Our main contributions are as follows:

1. We develop a new notion of CWA-solutions for data ex-
change settings with target dependencies. This notion
is based on Libkin’s concept of “justifications for intro-
ducing nulls” and, additionally, it uses a suitably “con-
trolled” version of the well-known chase procedure. We
show (Theorem 4.8) that these CWA-solutions are par-
ticular universal solutions which fit to the closed world
assumption in the following sense (cf. Libkin’s [12] re-
quirements for CWA-solutions): 1. Each null is justified
by the source instance and the dependencies of the data
exchange setting, and 2. nulls are not “overused”.

2. Exploring the space of all CWA-solutions, we obtain the
following: CWA-solutions exist if, and only if, universal
solutions exist; and the core of the universal solutions al-
ways is a CWA-solution (Theorem 5.1 and Corollary 5.2).
Thus, if CWA-solutions exist, then the core is the unique
“minimal” CWA-solution.
Concerning “maximal” CWA-solutions, we identify re-
stricted kinds of data exchange settings, where a unique
“maximal” CWA-solution is guaranteed to exist (Proposi-
tion 5.4). For general settings, however, “maximal” CWA-
solutions may not exist and, in fact, already for very sim-
ple data exchange settings there may be exponentially
many “incomparable” CWA-solutions (see Example 5.3).

3. Addressing the problem of how to compute a CWA-so-
lution when given a data exchange setting and a source
instance, we obtain that the Existence-of-CWA-So-

lutions problem (given a data exchange setting D and
a source instance S, decide whether there exists a CWA-
solution for S w.r.t. D) is undecidable (Theorem 6.2). As
a consequence, also the Existence-of-Universal-So-

lutions problem is undecidable (Corollary 6.4). When
restricting attention to weakly acyclic settings, however,
known tractability results for universal solutions carry
over to CWA-solutions. In particular, for such settings
the Existence-of-CWA-Solutions problem can be
solved (and CWA-solutions can be computed) with poly-
nomial time data complexity, and for some settings, this
problem is PTIME-hard (Proposition 6.6).

4. Finally, we consider the problem of query answering with
respect to the four different semantics of certain answers
and maybe answers introduced in [12]. We identify re-
stricted kinds of data exchange settings with target de-
pendencies to which Libkin’s [12] characterizations of the
four semantics via the core and the canonical solution
carry over (Theorem 7.1).
Considering weakly acyclic settings, we show that com-
puting the certain answers of unions of conjunctive que-
ries is possible with polynomial time data complexity and
can be PTIME-hard (Theorem 7.6 and Proposition 7.8).

Going beyond unions of conjunctive queries, we obtain
that the certain (resp., maybe) answers of (Boolean) first-
order queries has co-NP (resp., NP) data complexity, pro-
vided that the underlying data exchange setting is richly
acyclic (an acyclicity notion that is slightly more restric-
tive than the usual notion of weak acyclicity) (Proposi-
tion 7.4). Furthermore, there already exist conjunctive
queries with just one inequality, for which evaluating the
certain answers is co-NP-hard (Theorem 7.5).

The paper is structured as follows: Section 2 fixes the
basic notations on data exchange that are used throughout
the paper. Section 3 indicates some of the anomalies that
arise from the usual certain answers semantics. The new
concept of CWA-solutions for data exchange settings with
target dependencies is formally introduced and illustrated
with examples in Section 4. Some basic results concerning
CWA-solutions are shown in Section 5. Section 6 addresses
the complexity of computing CWA-solutions, whereas Sec-
tion 7 deals with the query answering problem.

Due to space limitations, most of the technical details of
our proofs had to be deferred to the full version of the paper.

2. PRELIMINARIES
In this section, we fix the standard notations on data ex-

change that are used throughout the paper.
A schema σ is a finite set of relation symbols, each with

a fixed arity. An instance I over σ is represented by a finite
set of atoms, i.e., expressions of the form R(ū), where R is a
relation symbol in σ of some arity, say r, and ū is an r-tuple
over a fixed set Dom of values. The active domain Dom(I)
of I is the set of values that occur in the atoms of I .

We allow instances to contain incomplete data, which is
represented by (labeled) nulls. More precisely, we assume
that Dom is the union of a countably infinite set Const of
constants and a countably infinite set Null of nulls (which
serve as placeholders for unknown data), disjoint from Const.
Constants are denoted by lowercase letters a, b, c, . . . , and
nulls by ⊥, possibly with subscripts and/or superscripts.
For an instance I , we let Const(I) := Dom(I) ∩ Const and
Null(I) := Dom(I) ∩ Null.

Let σ be a schema. A dependency over σ is a sentence in
some logical formalism (typically first-order logic) over the
vocabulary σ := σ ∪ {c | c ∈ Const}. It is satisfied in an in-
stance I over σ if and only if it is satisfied in the σ-structure
I with universe Dom(I), where each R ∈ σ is interpreted by
the relation {ū | R(ū) ∈ I}, and for each c ∈ Const, c is in-
terpreted by c. In general, a formula1 ϕ(x1, x2, . . . , xn) over
σ is a formula over σ, and for an assignment α mapping xi

to ui for every i ∈ {1, 2, . . . , n}, we say that ϕ holds in I

under α, written I |= ϕ[u1, u2, . . . , un], if and only if ϕ holds
in I under α.

A data exchange setting [6, 7, 10] is a quadruple D =
(σ, τ,Σst,Σt), where σ and τ are disjoint schemas, called the
source schema and the target schema, respectively, Σst is a
set of dependencies between σ and τ , called source-to-target
dependencies, and Σt is a set of dependencies over τ , called
target dependencies. As in [6, 7, 10], we consider only data
exchange settings where Σst is a finite set of source-to-target
tuple generating dependencies (s-t-tgds, for short), and Σt

1For a formula ϕ, ϕ(x1, x2, . . . , xn) indicates that the free
variables of ϕ are precisely the variables x1, x2, . . . , xn.



is a finite set of target tuple generating dependencies (target
tgds, for short) and equality generating dependencies (egds,
for short). S-t-tgds are first-order formulas of the form

∀x̄∀ȳ
`

ϕ(x̄, ȳ) → ∃z̄ ψ(x̄, z̄)
´

,

where ϕ is a first-order formula over σ, and ψ is a conjunc-
tion of relational atomic formulas over τ .2 Target tgds are
formulas of the same form, except that ϕ must be a conjunc-
tion of relational atomic formulas over τ . A tgd is either an
s-t-tgd or a target tgd. Egds are formulas of the form

∀x̄
`

ϕ(x̄) → y = z
´

,

where ϕ is a conjunction of relational atomic formulas over
τ , and y, z are variables in x̄. In the following, we often omit
the universal quantifiers in front of tgds and egds.

A source instance for D is an instance over σ which con-
tains only constants. A target instance for D is an instance
over τ , possibly with nulls. Given a source instance S for D,
a solution for S under D is a target instance T for D such
that S ∪T satisfies all tgds in Σst, written S ∪T |= Σst, and
T satisfies all tgds and egds in Σt, written T |= Σt.

Example 2.1. Let D⋆ := (σ, τ,Σ⋆
st,Σ

⋆
t ) be the data ex-

change setting with σ = {M,N}, τ = {E,F,G} and Σ⋆ :=
Σ⋆

st ∪ Σ⋆
t = {d1, d2, d3, d4}, where

d1 = M(x1, x2) → E(x1, x2),

d2 = N(x, y) → ∃z1, z2
`

E(x, z1) ∧ F (x, z2)
´

,

d3 = F (y, x) → ∃z G(x, z), and

d4 = F (x, y) ∧ F (x, z) → y = z.

The source instance S⋆ := {M(a, b), N(a, b), N(a, c)} has
among others the following solutions under D⋆:

T
⋆
1 :=

˘

E(a, b), E(a,⊥1), E(c,⊥2), F (a, d), G(d,⊥3)
¯

,

T
⋆
2 :=

˘

E(a, b), E(a,⊥1), E(a,⊥2), F (a,⊥3), G(⊥3,⊥4)
¯

,

T
⋆
3 :=

˘

E(a, b), F (a,⊥1), G(⊥1,⊥2)
¯

.

Recall that a, b, c, . . . denote constants and ⊥,⊥1,⊥2, . . .
nulls, and that nulls serve as placeholders for unknown data.
Unknown data arises, because the dependencies in Σ⋆ do not
fully specify the solutions for S⋆ under D⋆. For example, d2

only says that for N(a, b) there must be a u with F (a, u),
but not which u. We have the choice to introduce a null as a
placeholder for u, as in T ⋆

2 and T ⋆
3 , or to “invent” a constant

from which we think that it might be u, as in T ⋆
1 .

Fagin et al. [6] defined the notion of universal solutions,
which are “most general” solutions. A solution T for S under
D is universal if for every solution T ′ for S underD there is a
homomorphism from T to T ′. Here, a homomorphism from
an instance I to an instance J is a mapping h : Dom(I) →
Dom(J) such that for each R(u1, u2, . . . , ur) ∈ I we have
R(h(u1), h(u2), . . . , h(ur)) ∈ J , and for each c ∈ Const(I)
we have h(c) = c.3 It can be shown that in Example 2.1, T ⋆

2

2This definition of s-t-tgds is from [12]. In other papers
on data exchange, ϕ usually is a conjunction of relational
atomic formulas over σ. For technical reasons, when consid-
ering s-t-tgds we will always assume that every first-order
quantifier in ∀x̄∀ȳ ϕ(x̄, ȳ) is relativized to the active domain
with respect to σ.
3Note that we use [6, 7]’s notion of homomorphisms, where
nulls may be mapped to nulls or to constants. A slightly

and T ⋆
3 are universal solutions for S⋆ under D⋆, but T ⋆

1 is
no universal solution for S⋆ under D⋆, because there is no
homomorphism from T ⋆

1 to T ⋆
2 .

A core of an instance I is an instance J ⊆ I such that there
is a homomorphism from I to J , but no homomorphism
from J to an instance K ( J . As shown in [9], every finite
instance has (up to renaming of nulls) a unique core. In
[7] it has also been shown that, if universal solutions for
S under D exist, then there is a universal solution for S
under D, denoted by CoreD(S), that is (up to renaming of
nulls) equivalent to the cores of every universal solution for
S underD. In Example 2.1, CoreD⋆(S⋆) is (up to renaming
of nulls) equal to T ⋆

3 .
In [6], the certain answers semantics has been adopted

for the semantics for query answering in data exchange.
Given a data exchange setting D, a source instance S for
D, and a query Q over the target schema of D, the set
of the certain answers of Q with respect to S, denoted by
certainD(Q,S), consists of all tuples that appear in Q(T )
for all solutions T for S under D (i.e., all tuples that are
certainly answers to Q). In [7], the alternative certain uni-
versal answers semantics has been proposed: the set of the
certain answers of Q on universal solutions with respect to
S, denoted by u-certainD(Q,S), consists of all tuples that
appear in Q(T ) for all universal solutions T for S under D.
Note that certainD(Q,S) ⊆ u-certainD(Q,S).

3. PROBLEMS WITH THE CERTAIN
(UNIVERSAL) ANSWERS SEMANTICS

It has been observed in [1] that the certain answers se-
mantics of [6] and the certain universal answers semantics
of [7] give rise to several anomalies.

Let us review one of these anomalies in an example that is
basically taken from [1, 12], and that considers the following
kind of copying data exchange settings: A data exchange
setting D is copying if D is of the form (σ, τ,Σst, ∅), where
τ = {R′ | R ∈ σ}, and Σst = {R(x̄) → R′(x̄) | R ∈ σ}. I.e.,
under a copying data exchange setting, a source instance
S is just “copied” to the target. It is therefore natural to
expect from a “reasonable” query answering semantics that
the answers to a query Q over the target schema can be
obtained by evaluating Q on the instance S′ obtained from
S by renaming each R ∈ σ into the corresponding element
R′ ∈ τ . But this is not necessarily the case for the certain
answers semantics. Consider, for example, the copying data
exchange settingD with source schema {E,P}, and the first-
order query

Q(x) := P
′(x) ∨ ∃y∃z

`

P
′(y) ∧E′(y, z) ∧ ¬P ′(z)

´

.

Now consider the source instance S that consists of the dis-
joint union of two cycles of length 9, built over the nodes
a0, . . . , a8 and the nodes b0, . . . , b8, respectively, and where
a4 is the unique element that is labeled P . I.e.,

S := {E(ai, aj) | 0 ≤ i ≤ 8, j = i+ 1 mod 9}

∪ {E(bi, bj) | 0 ≤ i ≤ 8, j = i+ 1 mod 9} ∪ {P (a4)} .

Intuitively, one would expect that the “best” solution for S
with respect to the copying data exchange setting D is sim-
ply the instance S′ obtained from S by renaming E with

different notion which, however, leads to basically the same
results, was considered in [12], where homomorphisms have
to map nulls to nulls.



E′ and P with P ′. One can easily see that the answer of
query Q on this particular target instance S′ consists of all
nodes of S′, i.e., Q(S′) = { a0, . . . , a8, b0, . . . , b8 } . However,
the certain answers semantics defined at the end of Sec-
tion 2 produces only the (somewhat counterintuitive) result
certainD(Q,S) = { a0, . . . , a8 } (to see why, note that the
target instance S′′, obtained from S′ by adding the facts
P ′(ai) for all i, is a solution for S under D).

The certain universal answers semantics behaves better
on such copying data exchange settings, but gives rise to a
similar anomaly on data exchange settings (σ, τ∪{D} ,Σst∪
Σ′

st, ∅), where (σ, τ,Σst, ∅) is copying, and Σ′
st consists of s-t-

tgds of the form R(x1, x2, . . . , xr) → D(xi) for every R ∈ σ

of arity r, and i ∈ {1, 2, . . . , r}. Details on this and also on
some other anomalies can be found in [12, 1].

To overcome such anomalies, Libkin [12] introduced the
concept of CWA-solutions and alternative query answering
semantics. Note, however, that in [12] the concept of CWA-
solutions has been defined only for data exchange settings
without target dependencies. To point out why it is nec-
essary to find a suitable extension of this notion for the
case where target dependencies are present, let us return to
Example 2.1: The only CWA-solutions for S⋆ in the sense
of [12] (under the data exchange setting obtained from D⋆

by removing the target dependencies) are, up to renam-
ing of nulls, the following three target instances: {E(a, b),
F (a,⊥1)}, {E(a, b), E(a,⊥1), F (a,⊥2)} as well as {E(a, b),
E(a,⊥1), E(a,⊥2), F (a,⊥3)}. But these are no solutions for
S⋆ under D⋆!

4. CWA-SOLUTIONS IN THE PRESENCE
OF TARGET DEPENDENCIES

This section formally introduces the new concept of CWA-
solutions for data exchange settings with target dependen-
cies, and illustrates it with examples.

Throughout this section, let D = (σ, τ,Σst,Σt) be a data
exchange setting and S a source instance for D. Let ρ :=
σ ∪ τ and Σ := Σst ∪ Σt.

The concept of CWA-solutions is based on the closed world
assumption (CWA, for short). The main idea is that each
fact that is true in a CWA-solution is directly justified by the
atoms of S and the dependencies in Σ. Informally, a good
CWA-solution T for S under D should satisfy the following
three requirements, adapted from [12]:

(CWA1) Each atom of T must be justified by the atoms of
S and the dependencies in Σ.

(CWA2) No justification for producing a value through an
existentially quantified variable of a tgd generates
multiple values.

(CWA3) Each fact that is true in T must follow from the
atoms of S and the dependencies in Σ.

In the following, we first address requirements CWA1 and
CWA2, and afterwards, CWA3.

Let us quickly recall the concept of [12] for the case where
Σt = ∅. The requirements CWA1 and CWA2 are formalized
by CWA-presolutions, which in turn are based on the con-
cept of justifications. A justification for producing a value
through an existentially quantified variable of an s-t-tgd d in
Σst consists of d, which has the form ϕ(x̄, ȳ) → ∃z̄ ψ(x̄, z̄),
of tuples (ū, v̄) with S |= ϕ[ū, v̄], and a variable z in z̄ (to

which the value can be assigned); it is represented by the
quadruple (d, ū, v̄, z). A CWA-presolution for S under D is
then obtained as follows.

1. Choose a mapping α from the set of all justifications
to Dom.

2. Start with an empty target instance. For each s-t-tgd
d in Σst, where

d = ϕ(x̄, ȳ) → ∃z̄ ψ(x̄, z̄) and z̄ = (z1, z2, . . . , zn),

and for each pair of tuples ū and v̄ with S |= ϕ[ū, v̄],
let w̄ := (w1, w2, . . . , wn), where

wi := α(d, ū, v̄, zi)

and add the atoms of ψ[ū, w̄] (i.e., the smallest set A of
atoms such that A |= ψ[ū, w̄]) to the target instance.

So, atoms are justified since they can be derived from the
source instance via the s-t-tgds, and CWA2 is satisfied by
letting each justification generate at most one value.

We extend the notion of CWA-presolutions to the case
Σt 6= ∅ by relaxing the definition of justifications, and us-
ing a suitably “controlled” version of the well-known chase
procedure, called α-chase. A potential justification for intro-
ducing a value through an existentially quantified variable
of a tgd in Σ is represented by a quadruple (d, ū, v̄, z), where
d is a tgd in Σ of the form ϕ(x̄, ȳ) → ∃z̄ ψ(x̄, z̄), ū and v̄ are
tuples over Dom = Null∪ Const of the same length as x̄ and
ȳ, respectively, and z is a variable in z̄. Let JD be the set
of all such potential justifications, i.e.,

JD := {(d, ū, v̄, z) | d = ϕ(x̄, ȳ) → ∃z̄ ψ(x̄, z̄) is a tgd in Σ,

ū ∈ Dom
|x̄|, v̄ ∈ Dom

|ȳ|, z occurs in z̄}.

For a mapping α : JD → Dom, define the mapping ᾱ as
follows: if d, ū, v̄ are as above, and z̄ = (z1, z2, . . . , zn), then

ᾱ(d, ū, v̄) := (α(d, ū, v̄, z1), . . . , α(d, ū, v̄, zn)).

Definition 4.1. (α-chase) Let α : JD → Dom, and let I
be an instance over ρ. An α-chase of I with Σ is a (finite or
infinite) sequence I0, I1, I2, . . . of instances over ρ such that
I0 = I , and each Ii+1 is the result of α-applying a tgd in Σ,
or applying an egd in Σ, to Ii in the following sense:

• α-application of a tgd d in Σ: Suppose that d has the
form ϕ(x̄, ȳ) → ∃z̄ ψ(x̄, z̄), and that ū, v̄ are tuples such
that

Ii |= ϕ[ū, v̄] and Ii 6|= ψ[ū, ᾱ(d, ū, v̄)]. (1)

Then we say that d can be α-applied to Ii with ū and
v̄. The result of this application is Ii ∪ J , where J is
the set of atoms occurring in ψ[ū, ᾱ(d, ū, v̄)].

• application of an egd d in Σ: Suppose that d has
the form ϕ(x1, x2, . . . , xn) → xk = xl, and that ū =
(u1, u2, . . . , un) is a tuple such that

Ii |= ϕ[ū] and uk 6= ul.

Then we say that d can be applied to Ii with ū. The
application fails if uk and ul are constants. Otherwise



it succeeds, and the result is obtained from Ii by re-
placing all occurrences of one of the nulls in {uk, ul}
by the other value in {uk, ul}.

4

The result of a finite α-chase I0, . . . , Im of S with Σ is Im.

Definition 4.2. (successful α-chase, failing α-chase) Let
α : JD → Dom, and let I be an instance over ρ. Let C be
an α-chase of I with Σ.

(1) C is called successful if

(a) C is finite,

(b) the result of C satisfies Σ, and

(c) no tgd in Σ can be α-applied to the result of C.

(2) C is called failing if

(a) C is finite, and

(b) there is an egd d in Σ such that d can be applied
to the result J of C, and the application of d to
J fails.

Remark 4.3. The reader who is familiar with the stan-
dard chase as considered, e.g., in [6, 7, 8], might wonder why
we did not use a condition like

Ii |= ϕ[ū, v̄] and Ii 6|= ψ[ū, w̄] for all w̄ ∈ Dom
|z̄| (2)

instead of (1) in Definition 4.1. The reason is that α-chases
are not primarily intended to compute solutions—where (2)
would make sense—, but to formalize the notion of a “reason-
able” solution with respect to the closed world assumption.
Condition (2) would not suffice to formalize such a notion
(see Example 4.4). We should also point out that without
requirement (c) in Definition 4.2 (1), it would be possible
to generate an instance that does not adhere to requirement
CWA2 (see Example 4.4).

Example 4.4. Consider the data exchange setting D⋆

and source instance S⋆ from Example 2.1. For i ∈ {1, 2, 3},
let αi : JD⋆ → Dom as shown in the following table (∗ indi-
cates that the value can be arbitrary):

j ∈ JD⋆ α1(j) α2(j) α3(j)
(d2, a, b, z1) ⊥1 b b
(d2, a, b, z2) ⊥3 c ⊥3

(d2, a, c, z1) ⊥2 b b
(d2, a, c, z2) ⊥3 d ⊥4

(d3,⊥3, a, z) ⊥4 ∗ ⊥1

(d3,⊥4, a, z) ∗ ∗ ⊥2

Then the sequence C = (I0, I1, I2, I3, I4) with

I0 = S
⋆

I1 = I0 ∪ {E(a, b)}

I2 = I1 ∪ {E(a,⊥1), F (a,⊥3)} I3 = I2 ∪ {E(a,⊥2)}

I4 = I3 ∪ {G(⊥3,⊥4)}

is an α1-chase of S⋆ with Σ⋆: first α1-apply d1 with (a, b) and
the empty tuple, afterwards d2 with a and b, followed by d2

with a and c, and finally d3 with ⊥3 and a. The result of C is
I4. Since no dependency in Σ⋆ can be (α1-)applied to I4, C

4To make the result of applying an egd unambiguous, we
assume that Null is linearly ordered so that if both uk and
ul are nulls, the larger null is replaced by the smaller one.

is successful. Note that I4 intuitively satisfies requirements
CWA1 and CWA2, but could not be obtained by a successful
α-chase of S⋆ with Σ⋆, for any α : JD⋆ → Dom, if condition
(1) in Definition 4.1 was replaced by (2) (recall Remark 4.3).

An example of a failing α2-chase of S⋆ with Σ⋆ is the
sequence C′ = (I ′0, I

′
1, I

′
2, I

′
3), where

I
′
0 = S

⋆
I
′
1 = I

′
0 ∪ {E(a, b)}

I
′
2 = I

′
1 ∪ {F (a, c)} I

′
3 = I

′
2 ∪ {F (a, d)} .

The egd d4 can be applied to I ′3 with (a, c, d), but this ap-
plication fails, because the two constants c and d cannot be
identified.

An example of a finite α3-chase of S⋆ with Σ⋆ that is nei-
ther successful nor failing is C′′ = (I ′′0 , I

′′
1 , I

′′
2 , I

′′
3 , I

′′
4 , I

′′
5 , I

′′
6 ),

where

I
′′
0 = S

⋆
, I

′′
1 = I

′′
0 ∪ {E(a, b)}

I
′′
2 = I

′′
1 ∪ {F (a,⊥3)} I

′′
3 = I

′′
2 ∪ {F (a,⊥4)}

I
′′
4 = I

′′
3 ∪ {G(⊥3,⊥1)} I

′′
5 = I

′′
4 ∪ {G(⊥4,⊥2)} ,

and

I
′′
6 = S

⋆ ∪ {E(a, b), F (a,⊥3), G(⊥3,⊥1), G(⊥3,⊥2)}

is obtained from I ′′5 by applying the egd d4 with (a,⊥3,⊥4).
Used to the standard chase, one is inclined to think that C′′

is successful, because I ′′6 |= Σ⋆. But one look at I ′′6 tells us
that C′′ should not be successful: I ′′6 intuitively does not
satisfy requirement CWA2 (⊥1 and ⊥2 are both justified by
(d3,⊥3, a, z) only). Indeed, according to requirement (c)
of Definition 4.2 (1), C′′ is not successful: d2 can be α3-
applied with a and c. Now, α3-applying d2 with a and c
yields the atom F (a,⊥4), which enables us to apply d4 with
(a,⊥3,⊥4) once again, which in turn enables us to α3-apply
d2 with a and c, and so on. It is easy to see that C′′ cannot
be extended to a successful α3-chase of S⋆ with Σ⋆: it will
have to loop forever! This is basically what is exploited in
the proof of Lemma 4.5 below.

Lemma 4.5. Let α : JD → Dom, and let I be an instance
over ρ that contains no nulls. Then a successful α-chase of
I with Σ exists if and only if there is no failing or infinite
α-chase of I with Σ. Moreover, every successful α-chase of
I with Σ (α-)applies only tgds and has the same result as all
other α-chases of I with Σ.

Definition 4.6. (CWA-presolution) A CWA-presolution
for S under D is a target instance T for D such that for some
mapping α : JD → Dom, S ∪ T is the result of a successful
α-chase of S with Σ.

Clearly, a CWA-presolution for S under D is a solution
for S under D and satisfies requirements CWA1 and CWA2.
However, CWA3 is in general not satisfied. In Example 2.1,
one possible CWA-presolution for S⋆ under D⋆ is {E(a, b),
F (a,⊥), G(⊥, b)}, but the fact that a and b are connected by
an F -G-path of length two does intuitively not follow from
S⋆ and Σ⋆. Such facts should be prohibited.

To make this precise, we follow [12] and represent a fact
over the target schema τ of D by a first-order sentence ϕ
over τ of the form ∃x̄ ψ(x̄), where ψ is a conjunction of
relational atomic formulas. ϕ is true in a target instance
T for D if T |= ϕ. For example, the fact “a and b are
connected by an F -G-path of length two” can be represented
by ∃x

`

F (a, x) ∧G(x, b)
´

. For a fact ϕ we say that



ϕ follows from S and Σ

if and only if ϕ is true in every instance I over ρ with I |σ= S
and I |= Σ. Here, I |σ denotes the σ-reduct of I , i.e., the
instance {R(ū) ∈ I | R ∈ σ}.

Definition 4.7. (CWA-solution) A CWA-solution for S
under D is a CWA-presolution for S underD such that every
fact that is true in T follows from S and Σ. We denote the
set of all CWA-solutions for S under D by JSKD

CWA.

A target instance T for D can be represented in the nat-
ural way by its

“canonical fact” ϕT = ∃x̄ ψ(x̄),

which is defined as follows: for each ⊥ ∈ Null(T ), x̄ con-
tains a variable x⊥, and for each R(ū) ∈ T , ψ contains the
conjunct R(t̄), where t̄ is obtained from ū by replacing all
occurrences of a null ⊥ by x⊥. Then one can easily see that

ϕT follows from S and Σ
if and only if

every fact that is true in T follows from S and Σ.

Since for instances I and J , I |= ϕJ is equivalent to the ex-
istence of a homomorphism from J to I [3], we immediately
obtain the following connection between CWA-solutions and
universal solutions:

Theorem 4.8. For every target instance T for D, the fol-
lowing are equivalent:

1. T is a CWA-solution for S under D.

2. T is a universal solution for S under D, and
T is a CWA-presolution for S under D.

We remark that for data exchange settings without target
dependencies, our notions of CWA-presolution and CWA-
solution coincide with the corresponding notions in [12].

Example 4.9. Consider again Example 2.1. The target
instance T ⋆

2 is a CWA-solution for S⋆ under D⋆: S⋆ ∪ T ⋆
2 is

the result of the successful α1-chase C of S⋆ with Σ⋆ from
Example 4.4, and it can be shown that T ⋆

2 is a universal
solution for S⋆ under D⋆. On the other hand, although the
target instance

T := {E(a, b), F (a,⊥), G(⊥, b)}

is a CWA-presolution for S⋆ underD⋆, it is no CWA-solution
for S⋆ under D⋆: there is no homomorphism from T to T ⋆

2 ,
or equivalently, the fact ∃x

`

F (a, x)∧G(x, b)
´

does not follow
from S⋆ and Σ⋆. Finally, the target instance

T
′ := {E(a, b), E(⊥3, b), F (b,⊥1), G(⊥1,⊥2)}

is a universal solution for S⋆ under D⋆, but since S⋆ ∪ T ′

cannot be obtained by a successful α-chase of S⋆ with Σ⋆

(the atom E(⊥3, b) is not justified), it is no CWA-solution
for S⋆ under D⋆.

5. BASIC RESULTS ON CWA-SOLUTIONS
In this section, we prove basic results concerning CWA-

solutions, which are essential for Sections 6 and 7.
Given a data exchange setting D and a source instance

S for D, a CWA-solution T for S under D is called min-
imal if T is contained (up to renaming of nulls) in every

CWA-solution for S under D; T is called maximal if every
CWA-solution for S under D is a homomorphic image of
T . Minimal and maximal CWA-solutions play an important
role in query answering (see Section 7).

The following theorem generalizes the analogous result for
data exchange settings without target dependencies in [12]:

Theorem 5.1. Let D be a data exchange setting and S a
source instance for D. If CoreD(S) exists, then CoreD(S)
is a CWA-solution for S under D. In particular, CoreD(S)
is a minimal CWA-solution for S under D.

Note that Theorem 5.1 and Theorem 4.8 immediately lead
to

Corollary 5.2. For every data exchange setting D and
every source instance S for D, the following are equivalent:

1. There exists a CWA-solution for S under D.

2. There exists a universal solution for S under D.

3. CoreD(S) exists.

In contrast to Theorem 5.1, which implies that the core of
the universal solutions is a minimal CWA-solution (provided
that CWA-solutions exist at all), maximal CWA-solutions
may not exist in general. The following example shows that
even for very simple data exchange settings there may be
exponentially many CWA-solutions, each of which is (up to
renaming of nulls) no homomorphic image of another CWA-
solution.

Example 5.3. Let D be the data exchange setting with
source schema {P}, target schema {E,F}, and dependencies

d1 = P (x) → ∃z1, z2, z3, z4
`

E(x, z1, z3) ∧ E(x, z2, z4)
´

,

d2 = E(x, x1, y) ∧E(x, x2, y) → F (x, x1, x2).

Then the source instance S := {P (1)} has among others the
following CWA-solutions under D:

T :=
˘

E(1,⊥1,⊥3), E(1,⊥2,⊥4), F (1,⊥1,⊥1),

F (1,⊥2,⊥2)
¯

,

T
′ :=

˘

E(1,⊥1,⊥3), E(1,⊥2,⊥3), F (1,⊥1,⊥1),

F (1,⊥2,⊥2), F (1,⊥1,⊥2), F (1,⊥2,⊥1)
¯

.

Note that T is (up to renaming of nulls) no homomorphic
image of another CWA-solution for S. The same applies to
T ′. Building on this observation, one can show that for the
source instance Sn = {P (i) | 1 ≤ i ≤ n} there are at least
2n CWA-solutions under D with this property. Details can
be found in the full version of the paper.

Nevertheless, we can show that for certain restricted data
exchange settings D, a maximal CWA-solution for S un-
der D, denoted by CanSolD(S), does exist. One such re-
striction considers full tgds, i.e., tgds whose right-hand sides
contain no existential quantifiers.

Proposition 5.4. Consider a data exchange setting D

whose target dependencies consist of egds, or whose source-
to-target dependencies and target dependencies consist of
egds and full tgds. Then for every source instance S for
D, every CWA-solution for S under D is a homomorphic
image of CanSolD(S).

Details on the definition of CanSolD(S) as well as the proof
of Proposition 5.4 can be found in the full version of the
paper.



6. THE COMPLEXITY OF COMPUTING
CWA-SOLUTIONS

In this section, we consider the following problem: given a
fixed data exchange setting D and a source instance S for D,
find a CWA-solution for S under D. The decision version of
this problem is called Existence-of-CWA-Solutions(D):
given a source instance S for D, decide whether there is a
CWA-solution for S under D.

Considering the analogous Existence-of-Solutions

problem which asks for an arbitrary solution (rather than
a CWA-solution), Kolaitis, Panttaja and Tan [11] have re-
cently established an undecidability result. In particular,
they have shown that the Existence-of-Solutions prob-
lem is undecidable for the following data exchange setting,
which we call Demb. The source and the target schema of
Demb consist of ternary relation symbols R and R′, respec-
tively. There is one source-to-target dependency that copies
R to R′, and the target dependencies are as follows:

dfunc = R
′(x, y, z1) ∧ R

′(x, y, z2) → z1 = z2,

dassoc = R
′(x, y, u) ∧ R′(y, z, v) ∧R′(u, z, w) → R

′(x, v, w),

dtotal =

R
′(x1, x2, x3) ∧R

′(y1, y2, y3) →
^

1≤i,j≤3

∃z R′(xi, yj , z).

Informally, Demb can be used to solve the embedding problem
for finite semigroups, which asks, given a partial function
p : X × Y → Z, whether there is a (finite) total function
f : X ′ × Y ′ → Z′ such that f is associative and extends
p (i.e., if p(x, y) = z, then f(x, y) = z): first encode the
graph of p by S := {R(x, y, z) | p(x, y) = z}; then a solu-
tion for S exists if and only if the desired function f ex-
ists. Since the embedding problem for finite semigroups
is known to be undecidable (see [11]), checking whether
there is a solution for a given source instance S is unde-
cidable. However, as the following example shows, this re-
duction does not lead to a proof of the undecidability of
Existence-of-CWA-Solutions:

Example 6.1. Consider the partial function encoded by
S = {R(0, 1, 1)}, and assume that there is a CWA-solution
T for S under Demb. Since T is finite, there is a largest
integer k ≥ 0 such that there exist pairwise distinct values
v0, v1, . . . , vk ∈ Dom(T ) with

˘

R
′(0, 1, v0), R

′(v0, 1, v1), . . . , R
′(vk−1, 1, vk)

¯

⊆ T.

Since T satisfies dtotal, there also exists v ∈ Dom(T ) such
that R′(vk, 1, v) ∈ T , and by the choice of k we have

v = vi (3)

for some i ∈ {0, 1, . . . , k}.
On the other hand,

T
′ =

˘

R
′(a, b, c) | a+ b = c mod k + 2

¯

is a solution for S underDemb, and Theorem 4.8 implies that
there is a homomorphism h from T to T ′. In particular,

˘

R
′(0, 1, h(v0)), R

′(h(v0), 1, h(v1)), . . . ,

R
′(h(vk−1), 1, h(vk)), R′(h(vk), 1, h(v))

¯

⊆ T
′
.

By the definition of T ′ we must have h(vj) = j + 1 for
all j ∈ {0, 1, . . . , k}, and h(v) = 0, but (3) tells us that
h(v) = h(vi) = i+ 1—a contradiction.

It follows that there is no CWA-solution for S underDemb,
although T ′ encodes a finite total function that is associa-
tive and extends the partial function encoded by S. Con-
sequently, the reduction given above does not work in the
context of CWA-solutions.

Nevertheless, we can show undecidability of Existence-

of-CWA-Solutions with a different proof, which shows
that under the CWA, data exchange settings have the power
to simulate Turing machines.

Theorem 6.2. There exists a data exchange setting Dhalt

such that Existence-of-CWA-Solutions(Dhalt) is unde-
cidable.

Proof. We construct Dhalt such that the halting prob-
lem for Turing machines on the empty input is reducible to
Existence-of-CWA-Solutions(Dhalt). More precisely,
we will reduce the following variant of the halting problem,
called Halt: given a deterministic one-tape Turing machine
M = (Q,Σ, δ, q0, QF ) (where Q is the set of states of M , Σ
is the tape alphabet, δ is the transition function, i.e., a total
function from (Q \QF )×Σ to Q×Σ×{L,R}, q0 ∈ Q is the
start state, QF ⊆ Q is the set of final states, and the tape
is infinite only to the right), decide whether M halts on the
empty input.

The source schema of Dhalt contains a 5-ary relation sym-
bol ∆ to encode the graph of δ, and a unary relation symbol
Q0 for q0. The following list contains the relation symbols
of the target schema and their intended meaning.

• ∆′: a copy of ∆

• t ≺ t′: t′ is the next step in the computation after t

• Q(t, q, p): in step t, M is in state q and the head is
on position p

• I(t, p, s): in step t, the tape contains s at position p

• NEXTPOS(t, p, p′): in step t, p′ is the successor posi-
tion of p on the tape

• END(t, p): in step t, p is the last position of the tape
for which I(t, p, ·) is defined

• COPYL(t, t′, p) and COPYR(t, t′, p): the tape content
of all positions left/right from position p in step t must
be copied to the corresponding positions for step t′

The source-to-target dependencies consist of a tgd to copy ∆
to ∆′, and another tgd to initialize the “start configuration”:

∆(q, s, q′, s′, d) → ∆′(q, s, q′, s′, d),

Q0(q) → Q(0, q, 1) ∧ I(0, 1,2) ∧ I(0, 2,2)

∧ NEXTPOS(0, 1, 2) ∧ END(0, 2).

(Here, 2 is the blank symbol that is assumed to be in Σ.)
The target constraints simulate the Turing machine as fol-
lows. There are two constraints that simulate a transition—
one for a transition where the tape head moves to the left,
and one for a transition where the tape head moves to the
right:

Q(t, q, p)∧ I(t, p, s)∧NEXTPOS(t, p′, p)∧ ∆′(q, s, q′, s′,L)

→ ∃t′
`

t ≺ t
′ ∧ Q(t′, q′, p′) ∧ I(t′, p, s′)

∧ COPYL(t, t′, p) ∧ COPYR(t, t′, p)
´

,



Q(t, q, p)∧ I(t, p, s)∧NEXTPOS(t, p, p′)∧∆′(q, s, q′, s′,R)

→ ∃t′
`

t ≺ t
′ ∧ Q(t′, q′, p′) ∧ I(t′, p, s′)

∧ COPYL(t, t′, p) ∧ COPYR(t, t′, p)
´

.

There are two constraints that copy the “linear order” on the
tape positions and the inscriptions of all unmodified tape
cells:

COPYL(t, t′, p) ∧ NEXTPOS(t, p′, p) ∧ I(t, p′, s)

→ COPYL(t, t′, p′) ∧ NEXTPOS(t′, p′, p) ∧ I(t′, p′, s),

COPYR(t, t′, p) ∧ NEXTPOS(t, p, p′) ∧ I(t, p′, s)

→ COPYR(t, t′, p′) ∧ NEXTPOS(t′, p, p′) ∧ I(t′, p′, s).

Finally, there is a constraint that adds a new tape cell to
the end of the tape:

END(t, p) ∧ t ≺ t
′ → ∃p′

`

NEXTPOS(t′, p, p′)

∧ I(t′, p′,2) ∧ END(t′, p′)
´

.

The reduction from Halt to Existence-of-CWA-So-

lutions(Dhalt) is carried out as follows. On input of an in-
stance M = (Q,Σ, δ, q0, QF ) for Halt, we create the source
instance

SM :=
˘

∆(q, s, q′, s′, d) | δ(q, s) = (q′, s′, d)
¯

∪ {Q0(q0)} .

Then, M halts on the empty input if and only if there is a
CWA-solution for SM under Dhalt (details will be given in
the full version of the paper).

Remark 6.3. While the reduction of Kolaitis, Panttaja
and Tan described above does not work in the context of
CWA-solutions, the reduction given in Theorem 6.2 does
not work in the context of (general) solutions. In fact, for
every source instance S for Dhalt, the target instance that
consists of all atoms R(ū), where R is a relation symbol of
Dhalt’s target schema of arity r, say, and ū ∈

`

Const(S) ∪

{0, 1, 2,2}
´r

is a solution for S under Dhalt.
Furthermore, if we enhanceDhalt by relation symbols that

carry the final states of M , and an egd that tries to identify
two constants whenever a final state is reached, then a reduc-
tion from the complement of Halt shows that Existence-

of-CWA-Solutions is undecidable even if we would allow
infinite solutions: M does not halt on the empty input ⇐⇒
M does dot reach a final state ⇐⇒ an (infinite) CWA-
solution exists.

Note that Theorem 6.2 and Corollary 5.2 immediately
lead to

Corollary 6.4. There is a data exchange setting Dhalt

such that Existence-of-Universal-Solutions(Dhalt) is
undecidable.

When restricting attention to the well-known class of
weakly acyclic data exchange settings, however, known trac-
tability results for universal solutions carry over to CWA-
solutions.

Definition 6.5. (weakly acyclic [6, 4]) Let D be a data
exchange setting with target schema τ and target depen-
dencies Σ. A position over τ is a pair (R, i), where R is a
relation symbol of some arity, say r, and i ∈ {1, . . . , r}. For

a conjunction ϕ(x̄) of relational atomic formulas over τ and
a variable x, we say that x appears at position (R, i) in ϕ if
ϕ contains a conjunct R(t1, . . . , tr) with ti = x. The depen-
dency graph of Σ is a directed graph, where the vertices are
the positions over τ , and for every tgd ϕ(x̄, ȳ) → ∃z̄ ψ(x̄, z̄)
in Σ, every variable x ∈ x̄, and every position (R, i) at which
x appears in ϕ, there is

• an edge from (R, i) to every position at which x ap-
pears in ψ, and

• an existential edge from (R, i) to every position at
which some variable from z̄ appears in ψ.

D is called weakly acyclic if no cycle in the dependency graph
of Σ contains an existential edge.

Employing the recent result of [8] that the core of the
universal solutions can be computed in polynomial time un-
der weakly acyclic settings, Theorem 5.1, and [11, Proposi-
tion 3.1], we obtain:

Proposition 6.6. Let D be a data exchange setting that
is weakly acyclic. Given a source instance S for D, we can
compute a CWA-solution for S under D in time polynomial
in |S|, if there is such a CWA-solution, and output that there
is no CWA-solution for S under D otherwise. Moreover,
Existence-of-CWA-Solutions(D) can be PTIME-hard.

Let us conclude this section with a problem that is closely
related to the Existence-of-CWA-Solutions problem:
given a source instance S and a target instance T (for a
fixed data exchange setting D), decide whether T is a CWA-
solution for S under D. This problem is in NP, provided
that D is weakly acyclic. To see this, note that by The-
orem 4.8, it can be solved by (a) deciding whether T is a
CWA-presolution for S under D, and (b) deciding whether
T is a universal solution for S under D. It is easy to see
that (a) is in NP: it suffices to “guess” an α : JD → Dom(T )
such that S ∪ T is the result of a successful α-chase of S
with Σ of length at most |T |. Since D is weakly acyclic, (b)
is in NP, too: it suffices to find a homomorphism from T to
another universal solution for S, which can be computed in
polynomial time [6].

7. QUERY ANSWERING

7.1 Semantics
In [12], new query answering semantics have been pro-

posed to overcome the anomalies that arise from the certain
answers semantics of [6], and the certain universal answers
semantics of [7] (recall Section 3).

Before we give their definitions, let us fix some basic nota-
tion. A valuation of an instance I is a mapping v : Null(I) →
Const. A valuation v of I is extended to Const(I) by letting
v(c) := c for each c ∈ Const(I), to tuples ū = (u1, u2, . . . , un)
over Dom(I) by v(ū) := (v(u1), v(u2), . . . , v(un)), and to I
by v(I) := {R(v(ū)) | R(ū) ∈ I}. Under the CWA, a solu-
tion T for a source instance S under some data exchange
setting D = (σ, τ,Σst,Σt) represents an unknown solution
v(T ) that does not contain incomplete information, where v
is a suitable valuation of T . Thus, the set of possible solu-
tions represented by T is

RepD(T ) := {v(T ) | v is a valuation of T with v(T ) |= Σt} .



To answer a query Q on T we can use the set of certain or
the set of maybe answers (see [14], where the latter is called
possible answers) of Q on T :

�D Q(T ) :=
T

R∈RepD(T )Q(R),

3D Q(T ) :=
S

R∈RepD(T )Q(R).

The semantics proposed in [12] are now defined via com-
binations of �D Q(T ) and 3D Q(T ):

• Certain answers semantics:

certainD
� (Q,S) :=

T

T∈JSKD

CWA

�D Q(T ).

• Potential certain answers semantics:

certainD
3 (Q,S) :=

S

T∈JSKD

CWA

�D Q(T ).

• Persistent maybe answers semantics:

maybeD
�

(Q,S) :=
T

T∈JSKD

CWA

3D Q(T ).

• Maybe answers semantics:

maybeD
3

(Q,S) :=
S

T∈JSKD

CWA

3D Q(T ).

As pointed out in [12], the anomalies indicated in Section 3
disappear with the new semantics. For instance, recall the
definition of copying data exchange settings from Section 3.
For such a setting D and a source instance S for D, we
have JSKD

CWA = {T}, where T := {R′(ū) | R(ū) ∈ S}, and
RepD(T ) = {T}. Thus, for all queries Q over the target
schema of D,

certain
D
� (Q,S) = certain

D
3 (Q,S) = maybe

D
�

(Q,S)

= maybe
D
3

(Q,S) = Q(T ),

as it intuitively should be.
The following theorem shows that answering queries under

the four semantics can sometimes be reduced to evaluating
the query over a minimal or a maximal CWA-solution. It
is a consequence of Theorem 5.1, Proposition 5.4, and the
fact that if T1, T2, T3 are CWA-solutions for S under D such
that T1 is minimal and T3 is maximal, then RepD(T1) ⊆
RepD(T2) and RepD(T2) ⊆ RepD(T3). It generalizes the
analogous result of [12] for data exchange settings without
target dependencies.

Theorem 7.1. Let D be a data exchange setting, S a
source instance for D, and Q a query over the target schema
of D. Then,

certain
D
3 (Q,S) = �D Q(CoreD(S)),

maybe
D
�

(Q,S) = 3D Q(CoreD(S)),

and for all CWA-solutions T for S under D,

certain
D
� (Q,S) ⊆ �D Q(T ), maybe

D
3

(Q,S) ⊇ 3D Q(T ).

Furthermore, if the target dependencies of D consist of egds
only, or if the source-to-target dependencies and the target
dependencies of D consist of egds and full tgds, then

certain
D
� (Q,S) = �D Q(CanSolD(S)),

maybe
D
3

(Q,S) = 3D Q(CanSolD(S)).

As an immediate consequence one obtains:

Corollary 7.2. For any data exchange setting D, source
instance S for D, and query Q over the target schema of D,

certain
D
� (Q,S) ⊆ certain

D
3 (Q,S)

⊆ maybe
D
�

(Q,S) ⊆ maybe
D
3

(Q,S).

Note that certainD(Q,S) and u-certainD(Q,S) (as defined
at the end of Section 2) are contained in certainD

� (Q,S).

7.2 Data Complexity
Let answers be one of the semantics considered in Sec-

tion 7.1. The data complexity of a first-order query Q over
the target schema of a data exchange setting D with respect
to answers is defined as the complexity of the language

Lanswers(D,Q) :=
˘

〈S, ū〉 | S is a source instance for D

and ū ∈ answers
D(Q,S)

¯

,

where 〈S, ū〉 is a suitable encoding of the pair (S, ū).
The data complexity of first-order queries with respect to

certain�, certain3, maybe
�

and maybe
3

is as in [12], i.e., in
co-NP or NP, respectively, as long as we restrict attention
to data exchange settings which are richly acyclic in the
following sense:

Definition 7.3. (richly acyclic) Let D be a data ex-
change setting with target dependencies Σ. The extended de-
pendency graph of Σ is obtained from the dependency graph
(see Definition 6.5) by adding the following existential edges:
for every tgd ϕ(x̄, ȳ) → ∃z̄ ψ(x̄, z̄) in Σ, for every variable
y in ȳ, and for every position (R, i) at which y appears in
ϕ, there is an existential edge from (R, i) to every position
at which some variable in z̄ appears in ψ. D is called richly
acyclic if no cycle in the extended dependency graph of Σ
contains an existential edge. Note that every richly acyclic
data exchange setting is weakly acyclic.

Proposition 7.4. Let D be a data exchange setting that
is richly acyclic, and let S be a source instance for D. Then,
for every first-order query Q, the problems Lcertain�

(D,Q)
and Lcertain3

(D,Q) are in co-NP, and Lmaybe�
(D,Q) and

Lmaybe
3
(D,Q) are in NP.

The reason which kept us from proving Proposition 7.4 for
weakly acyclic settings is that a tgd ϕ(x̄, ȳ) → ∃z̄ ψ(x̄, z̄), an
assignment for the variables in x̄, and a variable in z̄ may
generate distinct values based on distinct assignments for
ȳ (which is not the case in the standard chase), and thus,
although D is weakly acyclic, there may be a source instance
S and a mapping α : JD → Dom such that there is no finite
α-chase of S with the dependencies of D. Nevertheless, we
conjecture that Proposition 7.4 is actually true for weakly
acyclic settings.

The complexity bounds are “tight” in the following sense:

Theorem 7.5. There is a data exchange setting D with
richly acyclic target dependencies and a conjunctive query
Q with one inequality such that the problems Lcertain�

(D,Q)
and Lcertain3

(D,Q) are co-NP-complete, and Lmaybe�
(D,¬Q)

and Lmaybe3
(D,¬Q) are NP-complete.

The NP-hardness (resp., co-NP-hardness) is proved by a re-
duction from 3-Sat (resp., its complement); details can be
found in the full version of the paper.



Type of D = (σ, τ,Σst,Σt) Type of Q
Union of CQ Union of CQ with ≤ 1 inequality per disjunct FO-query

weakly acyclic PTIME co-NP-hard co-NP-hard
richly acyclic PTIME co-NP-complete co-NP-complete
Σst: unrestricted; Σt: egds PTIME PTIME co-NP-complete
Σst: full tgds; Σt: egds and full tgds PTIME PTIME PTIME

Table 1: Complexity of Lcertain�
(D,Q) and Lcertain3

(D,Q) for certain restrictions of D and Q

Let us mention that a slightly weaker version of Theo-
rem 7.5, for a conjunctive query with two inequalities, al-
ready follows from Mądry [13]: his proof is formulated for
the certain answers semantics of [6], but it is not hard to
see that it carries over to certain� and certain3. We empha-
size, however, that the data exchange setting in [13] has
no target dependencies. Also, Fagin et al. [6] presented
a polynomial-time algorithm to compute certainD(Q,S) for
unions of conjunctive queries with at most one inequality per
disjunct (i.e., potentially infinite disjunctions of conjunctive
queries, where each conjunctive query may contain an in-
equality), provided that the data exchange setting is weakly
acyclic. Their algorithm is able to compute certain� and
certain3 for such queries, if either the target dependencies
of the data exchange setting consist of egds only, or the
source-to-target and the target dependencies consist of egds
and full tgds only. Theorem 7.5 implies that the algorithm
does not compute certain� or certain3 for unions of conjunc-
tive queries with at most one inequality per disjunct un-
der more general data exchange settings, unless, of course,
PTIME = co-NP.

Finally, moving from first-order queries to the class of
unions of conjunctive queries (i.e., the class of potentially
infinite disjunctions of conjunctive queries without inequal-
ities, which in particular, comprises the class of datalog
queries) we obtain that query answering is tractable for all
weakly acyclic settings:

Theorem 7.6. Let D be a weakly acyclic data exchange
setting, and let Q be a union of conjunctive queries over
the target schema of D. Given a source instance S for D,
we can compute certainD

� (Q,S) and certainD
3 (Q,S) in time

polynomial in |S|.

Proof. To evaluate such a query Q for a source instance
S, we can proceed as follows: First, we use Proposition 6.6
to generate a CWA-solution T for S under D. Then, we
evaluate the query Q on T and compute the set

Q(T )↓ := {ū ∈ Q(T ) | ū contains no nulls} .

The following lemma tells us that Q(T )↓ coincides with
certainD

� (Q,S) and certainD
3 (Q,S).

Lemma 7.7. Let D be a data exchange setting, S a source
instance for D, and Q a union of conjunctive queries over
the target schema of D. For every CWA-solution T for S
under D, we have

certain
D
� (Q,S) = certain

D
3 (Q,S) = �D Q(T ) = Q(T )↓.

This lemma can be proved along the lines of the proof
of the corresponding result for data exchange settings with-
out target dependencies given in [12]. One difficulty is that
in our setting, the certain answers to an individual CWA-
solution T are �D Q(T ) =

T

R∈RepD(T )Q(R), and not, as

in the case of data exchange settings without target depen-
dencies,

T

R∈Rep(T ) Q(R), with Rep(T ) consisting of all in-

stances v(T ) for some valuation v of T . However, we can
show that for a union Q of conjunctive queries, �D Q(T ) is
the same as

T

R∈Rep(T )Q(R). Details can be found in the
full version of the paper.

The complexity bound of Theorem 7.6 is tight in the fol-
lowing sense:

Proposition 7.8. There is a data exchange setting D
whose target dependencies consist of full tgds only, and a
conjunctive query Q such that Lanswers(D,Q) is PTIME-hard,
where answers is certain�, certain3, maybe

�
, or maybe

3
.
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