4 Support Vector Machines












Bilde Datenpunkte ab in (moglicherweise hochdimensionalen) Vektorraum V
(“Feature-Raum”)

gb . CCJ‘ — (Cle, .. .,Z’jn) > (¢1(£Cj), .. .,gbk(ibj), .. )

Dort linear zu trennen gemalf Hard-Margin- oder Soft-Margin-Kriterium kann
man durch Losen des inversen Problems, d.h. maximiere

g(§) => & - % D &&kyiun(d(x;), dla))
j=1 j k=1

mit den entsprechenden Randbedingungen. Dazu mussen wir nicht wirklich in
V' rechnen, wir bendtigen nur den sog. Kernel K : (z;, z) — (¢(x;), ¢(zr))



Aus den KKT-Bedingungen erhalten wir u.a. § = Z;’;j yi&io(x;) eV.

Um ein neues x zu klassifizieren, berechnen wir das VVorzeichen von

<¢($)7 6> + 60

Das ist aber
Zngj 373 ‘|'BO Zngj +BO Zngj €Z x] + Bo
=J
Auch dazu braucht man also nur im R™ und mit dem Kernel zu rechnen.

Die Dimension von £ ist m, die von z und z; ist n, die von V spielt keine Rolle,
darf auch oo sein.



4.1 Lernen mit Kernen

beliebte Kernels:

polynomial d-ten Grades:
K(z,2) = (1+ (z,2))*

radiale Basis (Gaul3-Kern):

K(z,2) = exp (_Hw—z\\?)

C

sigmoid:
K(x,z) = tanh(ky{(z, 2) + K2)



z — (x, 2)

70







i




1000 2000 3000

0

-3000 -2000 -1000

x5

o







//\

-

-3

00000




linear kernel

KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK

KHKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKK
KHKKKKEKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKK HKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKK HKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKRKKKKKKKKKKKKKKKKKKKKKKKKKK

KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKK
KEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKK KEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKK x KEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKK KEKEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKK KKKKKKK .,H********************************************
x

*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
ii
kkkk*x

[KKKKKKKKKKKKRKKKKKKK

KEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KEKEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
***********************************************”?********************
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKRKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK

i KKK KRR KKK KKK KRR KKK KKK KKRK KK KKK KKKRRRKKKKK KRR KK KKK KKRR KKK KKK KKK
Bk K KKK KRR KKK KKKKRR KKK KKK KRR KK KKK KRR R KKK KKK RR KK KKK KKK KKK KKK KKK KKK
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Bk kKKK kKKK KKK KRR KKK KKK KRR KKK KKK KRR KR KKK KK KRR KKK KKK KRR KKK KKK KRR KK
i K gk KKK KK KKK KKK KKK KKK KKK KKKKK KK KKK KKKRKKKKKK KRR KKK KKK KKK KKK KKK KKK
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Bk KKK KK KRR KKK KKKKKRK KK KKK KRR KK KKKKKKR R KKK KK KKRRK KKK KKK KKK KK KKK KKK KKK
Bk KK KKK KRR KKK KKK KR REKKKKKKKRR KK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KKK KKK
bk KKK KKKKKKKKKKKKKKIBRK KK KKK KKKKKKKK KKK K KKK K KKK KKK K KKK KKKRK KKK KKK K KKK
e KK KKK KRR KKK KKK KKRK KK KKKKKRR KK KK KK KRR KKK KKK KKRR KKK KKK KKK KKK KKK KKK KKK
Bk kK KKKk R KKK KKK KR KK KKK KRR KKK KK KRR KKK KKK KK RR KKK KKK KRR KKK KKK KRR K KK
bk Kk KKKKKKKKKKKKKKKKKKKKKKKKKKRKKKK KKK KKKKK KKK K KKK K KKK K KKK KKK KK KKK KKK
e KKK KRR KKK KKK KRR KKK KK KKKRK KK KKKKKKR KKK KKK KKK KKK KKK KK KR KK KKK KKK KKK
Bk kK KKKk R KKK KKK KRR KK KKKKKR KR KKK KKK KRR KKK KKK KR KKK KK KRB KKK KKK KRK KK
bk Kk KKKKKKKKKKKKKKKKKKKKKKKKKKRKKKK KKK KKKKKKKKK KKK K KKK K KKK KKK R KKK KKK
e K KKK KRR KKK KKK KKRR KK KKKKKRR KK KKKKKKR R KKK KKK KKK K KKK KKRR KKK KKK KKK KK
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Bk kK KKK KRR KKK KKK KRR KK KKKKKRR R KKK KKKRRR KK KKK KRR KKK KKK KKK KKK KKK KKK KKK
Bk kKKK kR KKK KKK KRR KKK KKK KRR R KKK KKK KRRR KKK KKK KRR KKK KKK KRR KKK KKK KKK KKK
ik K gk KKK KKK KKK KKK KKK KKK KKK KKKKKKKKKKKKRKKKKKK KRR KKK KKK KKK KK KKK KK KKK KK
ek Pk ek kKKK KKK KRR KKK KKKKKR KKK KKKKKR KR KKK KKK KR KKK KK KKK R KKK KKK KKK KKK
Bk kKKK kKKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KKK KKK
i K KKK KRR KKK KKK KRR KKK KKK KKRR KK KKKKKKR KK KKKK KRR KKK KKK KRR KKK KKK KKK
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Bk kKKK kR KKK KK KRR R KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KKK KK
e K KKK KRR KKK KKK KRR KKK KKK KKKR KK KKKKKKR K KKK KK KKRR KK KKK KKKR KKK KKK KKK KKK

[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK KKK KKK KKK KKK KKK KK KKK KKK KKK KKK KKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
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=1

d kernel, gamma=0.1,coef0

sigmoi

[k KRR KKK KKK KKK KR KKK KKK K KKK KKK KK KKK KKK KK KR KK KKK KKK KKKKK KKK KKK KK KKK KKKK
Bk KKK KKK KKKKKKKKKKKKKKKKKKKKKKK KKK K KKK R KKK K KKK K KKK KKKKKKKKR KKK K KKK KKKK
bk K kKKK KKK KKK KKK KKK KKK K KKK KKK K@K KK KKK KGR K KKK KKKKKKKKKKKKKKKK KKK KKK K
bk Kk KKKKKKKKKKKKKKKKKKKKKKKRKKKRKKKK KKK K BKKK KKK K KKK KKK KKKKKKKK KKK KKK

Bk KK KKKKKKKKKKKKKKKKKKKKKKKKKKK KKK K KKK R KKK K KKK K KKK KKKKKKKKR KKK KR KKK K KKK
Bk KKK KKK KKK KKKKKKKKKKKKKKKKKKKRKKKK KKK R KKK K KKK KKKKKKKRKKKKKKKK KKK KKK K
bk KR KKKKKKKKKKKKKKKKKKKKKKKRKKKRKKKKR KKK K KKK K KKK KKK KKK KKK KKK K KKK KKK
Bk KK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK R KKK K KKK K KKK KKKKKKKK KKK K KKK K KKK
Bk Kk KKK KKK KKK KKK KKKEK KKK KKK KKKRKKKR KKK KKK K KKK KKKKKKKRKKKRKKKK KKK KKK K
bk Kk KKKKKKKRKKKKKKKBEK KK KKK KKKRKKKR KKK K KKK K KKK KKK KKK KKK KKK K KKK KKK
Bk KK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK R KKK KKK KKK KKKK KKK KKK K KKK KKKK
TRkkakkkk kiR kkkk ik kkkkkkkkkkkkkx
KX
KX
ES
*

KEKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KEKKKKKKKKKKKKKKKKKKKKKKKKKKKKK

KKKKKKKKKKKKKKKKKKKEKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKK

x
ES
bk KKK KKKKKKKKKKKKKKRKKKKKKKK KKK KKK KKKKKKKKKKKKKKKK KKK KKK KKKKKKKKK
Bk KK KKKKKKKKKKKKKKKKKKKKKKKKKKRKKKR KKK R KKK K KKK KKK K KKK KKK KKK KKK KKK KKKK
bk KKK KKK KKK KKKKKKKKKKKKK KKK KKKRKKKR KKK R KKK K KKK KKK KKK KKK MR KK KKK KKK KKK
bk Kk KKKKKKKKKKKKKKKKKKKKKKKRKKKRKKKR KKK K KKK K KKKRKKKKRK KKK KKK KKK KKKKKKKK
Bk KKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK K KKK K KKK KKK KKKKKKKKKR KKK K KKK KKKK
bk Kk KKK KK KKK KKKKKKKKKKKKKKKKKKRKKKR KKK R KKK K KKK KKK KKKRKKKKKKKKKKKKKKK
ok kikk ik kkkkkk ik ik Rk kkk ik kkkkkkkkkkgkdkkkkkkk ik kkkkkkkkkkkkdokk
Bk KK KKKKKKKKKKKKKKKKKKK KKK KKK KKK KKK K KKK TKKKKKKKKKKKKKKK KKK K KKK KKK K
bk K kKKK KK KKK KKKKKKKK KKK KKKKKKKRKKKKR KKK R KKK K KKK K KKK KKK KL KKKKKKKKKKKKKK
bk Kk KKKKKKKKKKKKKKKKKKK KKK KKK KKK R KKK R KKK KKK KKK KRR @Rk kKKK KKK KKK
Bk KK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK K KKK KKKK KKK K KKK KKKKK KKK KR KKK K KKK
bk KKK KKK KKK K KKK K KKKKKKKKKKKKKKRKKKK KKK R KKK KKK KKK KKKKKKKKRKKKKKKKKKKK
bk Kk KKKKKKKKKKKKKKKKKKK KKK KKK KKK KKK KKK KKKKKKKKKKKRK KKK KKK KKK KKK
B K KKK KRR KKK KKK KRR KKK KKK KKKK KK KKKK KRR KKK KKKKRRK KKK KKKRK KKK KKK KKK KKK
bk KKK KKK KKK KKK KKKKKKKKKKKKKKKK KKK R KKK R KKK KKK K KKK KKKKKKKKR KKK R KKK K KKK
bk Kk KKK KK KKK KKK KKK KKK K KKK KKKRK KKK KKK R KKKKKKKK KKK KKK KKKKKKKKKKKKKKK
e K KKK KRR KKK KKK KRR KKK KKK KKK KKK KKK KKK KKK KKKKKRR KKK KRR KKK KKK KKK KKK KK
bk K kK KKK KKK K KKK K KKK KKK K KKK KKKRKKKR KKK R KKKKKKKK KKK KKKK KKK KKK K KKK KKKK
ok kkkkkkkkkkk ik k ik kdglkk ik k ik kkkkkk ik kkkkkkkkk ik kxR kR kkkkkkkikk
KKKKKK
KKKKK
e K KKK KRR KKK KK KK KRR KKK KKK KRR KK KKK KKK KKK KKKKKRRKK KKK KRR KK KKK KK KKK KK
bk K kK KKK KKK R KKK K KKK KKK KK KKK KKKRKKKR KKK R KKK KKK K KKK KKK KKK KKK K KKK K KKK
b KKK K KKK KKK KKK R KKK K KKK KKKKRKKKK KKK K KKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
B K KKK KRR K KRR KKK KR KKK KKK KKKK KK KKK KKK KKK KKKKKKRRK KK KK KKRK KKK KKK KKK KK
Bk KKK KKK KKK KKKK K KKK KKK KKKKKKKRKKKR KKK R KKKKKKKK KKK K KKK K KKK KKK K KKK KKKK
Bk KKK KKK KKKKKKKEKKKK KKK KKKKKKKRKKKR KKK R KKKKKKKKKKKKKKRKKKKKKKKKKKKKKK
B K KKK KRR KKK KKK KRR KKK KKK KKKR KK KKK KKK KKK KKKKKKRRK KKK KKKRR KKK KKK KKK KK

Hek KKK KK KRR KK KKKKRRR KK KKKKKRR KK KKK KRR KK KKKKKKRR KKK KK KKK R KKK KKK KKK KKK
Hek kK KKKk kKKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KR RGE KKK KKK KRR KKK KKK KRK KK
B KK KK KRR KKK KKK KRR KKK KKK KKK KKK KKK KKK K KK KKKKRRK K KKK K KKK KK KKK KK KKK
Bk kKKK KKK KKK KKK KR RR R KKK KKK R KRR KKK KRB KK KKK KRR KKK KKK KRR KK KKK KKK KKK
Hek KK KKK KKK KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KK KKK KKK RK KK
B KKK KK KRR KKK KKK KRR KKK KKK KKK KKK KKK KK MK KKK KKKKKKKKKKKK KKK KK KKK KK KKK

[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK K
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK KEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
** KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK

B KKK K KRR KKK KKK KRR KKK KKK KKRK KK KKK KKK KKK KKK KKRRKKKKK KRR KKK KKK KKK KKK
Bk KK KKK KRR KKK KKK KRR KKK KKK KRR KK KKK KRR KKK KKK KRR R KK KKK KRR R KK KKK KKK gk K
Hek kK KKKk R KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KR KKK KKk
B K KKK K KRR KKK KKK KRR KKK KKK KKRK KK KKK KKK KKK KKK KRR KKKKK KRR KKK KKK KKKKKK
Hek KK KKK KRR RKKKKKK KRR KK KKK KRR K KKK KRR KKK KKK KRR KKK KKK KK KRR KKK KKK KR KKK
Hek kK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KKK KKK
B KKK KK KRR KKK KKK KR KKK KKK KKKK KK KKK KKK KKK KKK KRR KK KKK KRR KKK KKK KKK KK

BeKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK K KKK KKK KKK KKKKKKKKK KKK K KKK KKKK
Bk KKK KKK KKK KKK K KKK K KKK KKKKKKKRKKKKK KKK KKK K KKK K KKK K KKRKKKKKKK KKK KK KKK
Bk KKK KKKKKKKKKKKKKKKKKKKKKKKKKRK KKK HGK K KKK KKKKKKKKKKKKKKKKKKKKKKKKKKK

Bk KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK K KKK KKK K KKK KKKKKKKK KKK K KKK KRKKK
Bk KKK KKK KKK KKK K KKK K KKK KKKKKKKRKKKKK KKK KKK KKK K KKK K KKK KKKRKKK KKK KKK K
Bk KR KKKKKKKKKKKKKKKKKKKKKKKRKKKRKKKKR KKK K KKK KK KKK K KKK KKKKKKKKKKKKKKK
BeKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK K KKK K KKK KKK KKKKKKKKK KKK KR KKK KKKK
KKK KKKRKKKRKKKKKKKKKKKKKKKRKKKRKKKRKKK KKK KKK K KKK KKKRKKKRKKKRKKKRKKK
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radial kernel, gamma=0.1

KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK

KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKTKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KEKEKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKK KKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKK KKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KEKEKKKKKKKKKKKKKKKKKKKKKKKKKKKKK

[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KEKKKKKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKK
[KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKKKKKKKKKKKKKKKKKKKKKKKK
KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKTKKKKKKKKKKKKKKKKKKKKKKKKKK

KEKKKKKKKKKKKKKKKKKKKKKKKKKKKK

*
*
X
*
*
X
*
*
X KKKKKKKKKKKKKKKK KEKKKKKKKKKK

X
X
*x
KX
KX
*x
KX
KX
*x
KX
x

Bk K KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK K KKK KKKKK KKK KKK K KKK K KKK K KKK KKKK
bk KKK KKK KKK KKKKKKKKKKKKKKKRKKKRKKKRKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK
bk Kk KKKKKKKKKKKKKKKKKKK KKK KKK KKK KKK R KKKKKKKKKKKKKKRKKKK KKK KKKKKKK
e K KKK KRR KKK KKK KRR KKK KKK KKKR KKK KKK KKK R KKKKKKKRR KKK KKK KKK KKK KKK KKK KKK
bk K kK KKK KKK RKKKRKKKKKKKKKKKKKKR KKK KKK R KKKKKKKK KKK KKKKKKKRKKKKKKKKKKK
bk KK KKK KK KKK KKK KKK KKK KKKKKKKRKKKKR KKK RKKKKKKK KKK KK KK KKKKKKKKKKKKKKK
e K KKK KRR KKK KKK KRR KKK KKK KKKK K KKK KKK KR KKKKK KRR KKK KRR KKK KK KKK KK KKK KK
bk KKK KKK KKK R KKK KKK KKK KKKKKKKRKKKK KKK KKK KKK K KKK KKKRKKKK KKK K KKK KKKK
bk K KKK KKK KKK KKK KKK KKK KKK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK KKK K
e K KKK KRR KKK KKK KRR KK KKK KRR KKK KK KK KRR R KKKKK KRR KK KKK K KKK KKK KKK KKK KK
bk KKK KKK KKK RKKK R KKK KKK K KKK KKKRKKKR KKK KKK KKK K KKK KKKKKKKK KKK K KKK K KKK
bk Kk K KKK KKK KK KKK KK KE KKK KKKKKKKRKKKKRKKKRKKKKKKKKKKKKKKRKKKKKKKKKKKRKKK

e K KKK KRR KKK KK KK KRR KKK KKK KRR KK KKK KKRRR KKK KKKKRR KK KKK KKKR KKK KKK KKK KKK
Bk kKKK KRR KKK KKK KRR KK KK KKK KKK KKKKKRRR KK KKK KRR R KKK KKK KRR KKK KKK KKK KKK
kK KKK Kok kK KK KK KRR KK BRK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KK KKK KKK RK KK
B K KKK KRR K KRR KKK KR KKK KKK KKKK K KKK KKKKRR KKK KK KKRR KKK KKK KKK KKK KKK KKK
Bk KK KKK KRR KKK KKKKRR KKK KKKKKRR KK KKKKKRRR KKK KK KRR R KKK KKK KRR KKK KKK KKK K KK
Hek K kKKK kKKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK
B K KKK KRR KKK KKK KRR KKK KKK KKK KKK KK KKKKRRKKKKK KRR KK KKK KKKK KKK KKK KKKKKK

Hek KK KKK KRR KK KKKKRRR KK KKKKKR KKK KKK RR KKK KKK KR KKK KK KKK R KKK KKK KKK KKK
Hek kKKK kR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KK KGE KK KKK KRR KK KKK KK KRK KK
B K KKK KRR KKK KKK KRR KKK KKK KKK KKK KKK KKK KRR KKK KKRRK KK KK KKK KK KKK KK KKK
Bk KK KKK KR KKK KKKKRRR KK KKK KRR R KKK KK KRR AR KK KKK KRR KKK KK KKKR KKK KKK KKK KKK
Hek kK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KKK KK
B KKK KK KRR KKK KKK KRR KKK KKK KKRR KK KK KKK HB K KKK KKK KKK KKKKKK KKK KKK KKK KKKKKK

B KKK KK KKK KK KKK KRR KKK KKK KKRK KK KKKKKKRK KKK KK KKRR KKK KKK KRK KKK KKK KKK
Bk KK KKK KR KKK KKKKKRR KK KKK KRR KK KKK R KKK KKK KRR KKK KKK KK KRR KK KKK KKK KKK
Bk K KKK KKK KKK KKK KRR KKK KKK KRR KKK KKK R K KKK KKK KKK KKK KKK KRR KKK KKK KKK KK
B K KKK KRR KKK KKK KRR KKK KKK KKK KKK KKK KKK KKK KKK KK KKK KKK KK KKK KK KKK KK KKK
Hek KKK KK KRR KKK KKKKRRR KK KKK KKK KKK RR KK KKK KRR KKK KKK KK RR KKK KKK KKK KKK
Hek kK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KKK KK
kg kxR kk Rk ko ik ik kickkokkk ik kkkkkkkkkkkkdokkkokkkk ik kkkkkkkkkkokkdokk

B K KKK K KRR KKK KKK KRR KKK KKK KKKK KK KKK KKKRRKKKKK KRR KKK KKK KRR KKK KKK KKK KKK
Bk KK KKK KRR KKK KKK KRR KKK KKK KRR KK KKK KKRRR KKK KKK KRR KKK KKK KRR R KK KKK KKK gk K
Hek Kk KkKkk R KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KKKk KR KK KKKk
B K KKK K KRR KKK KKK KKK KKK KKK KKKK KK KKK KKK KR KKKKK KRR KK KKK KKKR KKK KKK KKKK KK
Hek KKK KK KRR KKK KKK KRR KK KKK KRR KKK KKK KKK KRR KKK KRR KKK KKK KRR KK KKK KKK KKK
Bk kK KKKk R KKK KKK KRR KKK KKK KRR KKK KKK KRR KKK KKK KR KKK KKK KKK KR KKK KKK KKK KKK
B KKK K KRR KKK KKK KRR KKK KKK KKRK KK KKK KKK KK KKKKKKRRK KKK KKKRR KKK KKK KKKKKK

BRKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK K KKK K KKK KKKKKKKKKKKK KKK K KKK KKKK
Bk KKK KKK KKK KKK K KKKKKKKKKKKKKKRKKKR KKK KKK K KKK KKK KKK KKK KKK KKK KK KKK
Bk KKK KKKKKKKKKKKKKKKKKK KKK KKK KKK K HGK K KKK K KKK KKKKKKKKKKKKKKKKKKKKKKK

BeK KK KKKKKKKKKKKKKKKKKKKKKKKKKKK KKK KKK K KKK K KKK K KKK KKKKKKKK KKK K KKK KKKK
Bk KKK KKK KKK K KKK K KKKKKKKKKKKKKKRKKK KK KKK KKKK KKK K KKK KKKRKKKKKKK KKK K KKK
Bk KR KKKKKKKKKKKKKKKKKKKKKKKRKKKRKKKKR KKK R KKK KKK KKK KKKRKKKKKKKK KKK KKK
BeK KK KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK KKK KKKKK KKK K KKK KKKKKKKK KKK K KKK KRKKK
KKK KKKRKKKRKKKRKKKKKKKKKKKRKKKRKKKRKKK KKK KKK K KKK KKKRKKKRKKKRKKKRKKK
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beliebte Kernels:

polynomial d-ten Grades:

K(x,z) = (14 (x, z))d

radiale Basis (Gaul3-Kern):

K(z,2) = exp <_Hw—zu2)

C

sigmoid:
K(x,z) = tanh(ky{(x, 2) + K2)

Wieso sind das Kerne?



z.B. polynomialer Kern vom Grad 2 auf R?:

K(z,2) = 1+ (x,2))?
= (1+z121 +T220)°
= 1423121 + 20220 + (121)° + (T222)? + 22121 %220
= 01(®)d1(2) + d2(2)d2(2) + d3(2)d3(2) + ... + d6(x) P (2)
= (¢(z),(2))

mit ¢(x) = (1, V221, V229, 22, 22, V2x129)T € RS,



Welche Funktionen K : R" x R™ — R sind Kerne?

notwendige Bedingungen:
K(z,z) = {(¢(x), ¢(2)) = (0(2), d(x)) = K(z, 2)
K(x,2)* = (¢(x), $(2))° < (d(x), ¢(2)){($(2), 6(2)) = K(2,2)K(2, 2)

weitere notwendige Bedingungen?

hinreichende Bedingungen?



Wir nehmen zunachst an: Nur Eingaben aus endlicher Menge
X ={z1,...,xx} C R" sind erlaubt, sei

K: X xX-—-R

eine symmetrische Abbildung.
Betrachte Matrix

M = (K (xi,5));

1,J=1"

Da M symmetrisch ist, gibt es eine orthogonale Matrix V' mit
VIMV =D

so dass D Diagonalmatrix der Eigenwerte A1, ... A\ von M ist, und es gilt
A; € R,

Die Spalten von V sind die zugeh. Eigenvektoren v, ..., v, und es gilt
VT =VvV~-tunddamit M = VDVT,



Wenn K ein Kern mit Abb. ¢ ist, dann muss gelten:

k k k k
A=Y Vi K(xja)Vie= ) vi(d(xy), ¢(ar))va = <Z Uij¢($j)azvil¢(wl)> >0
Umgekehrt: Sind alle \; > 0, so sel
( \/)\_1’1)1@ \
o(x;) == e RF
\ V Ak Uki )

Dann gilt:

k k
(p(xi), p(xy)) = Y Ny = Y VaDuVij = My = K(x;, ;)
=1

=1



Wir haben also bewiesen:

Satz 8 Ist X endlichund K : X x X — R symmetrisch, so ist K genau dann
ein Kern falls die Matrix (K (x, 2))...ex positiv semidefinit ist.

Als Feature-Raum gentigt der RIX1.



Nun zu unendlichen Eingabe-Mengen X, und damit womaglich
oo-dimensionalen Feature-Raumen V.

Ein Vektorraum mit einem Skalarprodukt (d.h. symmetrische, positiv definite
Bilinearform) heil3t Hilbert-Raum wenn er separabel ist (d.h. eine in ihm dicht
liegende abzahlbare Teilmenge besitzt) und vollstandig (d.h. jede Cauchy-Folge
konvergiert).

Sei X C R". Dann ist Ly(X) der Hilbert-Raum der stetigen Funktionen
f: X — Rmit

11z, = / F(2)2de < oo

Wir erhalten ein Skalarprodukt auf L, (X') durch

(f,9) 3:/Xf(l’) d:v<\// [z de\// r)2dr < 0o




Fir jede Folge A = (A1, Ao, ...) mitVi : X\; > 0 definieren wir den Hilbert-Raum
¢>(\) der Folgen (x1, x2,...) mit

oo
Z \ix? < 00
i=1

mit Skalarprodukt (z,y) := > . A\iz;y;.



Satz 9 (Mercer) Sei X C R™ kompakt. Ist K : X x X — R stetig und
symmetrisch und der Integral-Operator Tk : Lo(X) — Lo(X),

Tih) iy [ K.o) i)
X
positiv, d.n.Vscr,(x) [x. x K, x) f(x)f(y)dzdy > 0, dann gibt es

Eigenfunktionen ¢; € L2(X) von Tk mit positiven zugehorigen Eigenwerten ) ;
mit ||¢;||z, = 1, So dass

K(z,z) = Z @i ()d;(y)



Satz 10 Yiecr,(x) Jx o x K (v, 2) f(x) f(y)dzdy > 0 gilt genau dann wenn fir
jede endliche Teilmenge X’ von X die Matrix (K (z, 2)) .ex positiv definit ist.

Beweisidee: f € Lo(X) kdnnen beliebig genau durch Treppenfunktionen mit
endlich vielen Stufen approximiert werden und umgekehrt (Details an der Tafel).

[]



Satz 11 Seien K; und K5 Kerne auf X x X, X C R", K5 ein Kern auf
R™ xR™ a € Rsp, f: X =R, ¢p: X — R™, B eine symmetrische positiv
definite n x n—Matrix. Dann sind Kerne:

1. K(z,2) = Ky(z,2) + Ky (x, 2)
2. K(z,2) = aKi(x, 2)

3. K(x,2)=Ki(z,2)Ko(x, 2)
4. K(z,z) = f(z)f(z)

5. K(z,2) = K3(¢o(z), ¢(2))

6. K(z,z2) =

Beweis: Siehe Tafel bzw. Cristianini, Shawe-Taylor (2000), verwende Satz 10.



Satz 12 Sei K; ein Kern Uber X x X und p(x) ein Polynom mit positiven
Koeffizienten und ¢ > 0. Dann sind Kerne:

1. K(x,z) =p(Ki(x,2))
2. K(x,z) =exp(Ki(x,2))

3. K(z,2) = exp(—|lz — z||*/c)

Beweis: Siehe Tafel bzw. Cristianini, Shawe-Taylor (2000)
1 folgt aus Satz 11,

1 = 2mitexp(x) = Z?‘;O f’;—f und Grenzubergang auf Kompaktum X.

3 folgt aus 1 und 2.



4.2 Anwendungsbeispiele aus der Bioinformatik

4.2.1 Brown, Grundy, Lin, Cristianini, Sugnet, Ares, Hausser (1999): Support
Vector Machine Classification of Microarray Gene Expressim Data

m = 79 cDNA-Microarrays mit n = 2487 Gene von S. cerevisiae aus 5 Klassen.
Aufgabe: entscheide flr jedes Protein und jede Klasse ob’s dazugehort.

Verglichene Methoden: Lineare Diskriminante, Parzen-Fenster,
Entscheidungsbaume, SVM (Testsieger!)

“Visual inspection of the raw data indicates that such classification should be
possible”

X = 1o Exprlevel von Gen x in Versuch ;
i -= 198 Exprlevel von Gen x in Referenzzustand

Normalisierung:
_ X,

Xz' =
VI X2




SVM mit polynomialen Kernen verschiedener Grade und Gauf3-Kernen
(Testsieger!)

Problem: Funktionale Genklassen enthalten sehr wenige Gene, die in den viele
negativ-Beispielen untergehen

Losungsansatz: Ahnlich zu Soft-Margin: Kontrolliere Verhaltnis
falsch-positive/falsch-negative durch verwendung von K(x,z) + A% bzw.
K(z,z) + A\, wobei n* und n~ die Anzahlen an positiv- und
negativ-Beispielen sind.



4.2.2 S. Ramaswamy et al. (2001) Multiclass cancer diagnssising tumor gene
expression signaturesPNAS 18(26) 15149-15154

Affy-Microarrays von 218 Tumor-Proben aus 14 Klassen + 90 Proben gesundes
Gewebe; 16063 Gene+ESTs

(Proben ausgewahlt aus 314 Tumor- und 98 gesunden Proben nach
Qualittskontrolle)

Vorbehandlung der Daten mit Affynetrix-Software

Klassifikation nach jeder Tumorklasse mit linearer SVM, dann One-vs.-All
(OVA): nimm die Klasse k fur die (3%), 2) + 8 moglichst groR wird

(nach Minimierung von ||3%®)||2 bzgl. Vi : y; ((3®), 2;) + B) > 1).



Kreuzvalidierung der Methode: von 144 Tumoren wurde jewells einer
ausgelassen, die SVM mit den restlichen trainiert, der eine musste dann
vorhergesagt werden.

AulRerdem wurde noch mit den 144 trainiert, um dann 54 andere zu
klassifizieren.

Daraus geschatzte Korrektheit: 78%



Problem: 3 “enthalt” alle Gene und ist daher schwer zu interpretieren

Recursive Feature Elimination:  Gene, fur die |3;| in unteren 10%-Bereich ist,
werden eliminiert, dann wird OVA-SVM wiederholt; das ganze wird iteriert.



